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Graphs and their representations

A graph G is atuple G = (V, E, X):

_ Vis the set of nodes (ids) Graphs are very powerful abstractions.

- E S Vx Vis the set of edges social networksl / cell interactome(s)
- X are the node attributes molecuies
1 2 3 1 2 1

3 |

matrix repr. adj. matrix 3 P) 3 matrix reptr.

(on diagonal) node attr. . i~j isomorphic graph

(off diagonal) edges i+
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Learning on graphs

O / _-- addictive?
N~
N | N> . ___ .| GNN
A My —
0~ >N~ "N
| ~> not addictive?

Learning tasks: predict property of
- entire graphs, e.g. toxicity of compound
- nodes, e.g. product category
- node pairs / edges, e.g. link prediction
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Message Passing Neural Networks (MPNNSs)

A Message Passing Neural Network (MPNN) updates node representations as:

msg'®) = MESSAGE({h{®) : u neighbor of v})

k (\
hF+1) = UppaTE(h{®, msg(®) B
. . h(k)<
A graph representation can then be obtained as: u

hg = Reapout({h{" | v € G})

Note: invariant to permutations of the node ids by design.


http://progress_bar_id

Expressive power of MPNNs

No matter how the M ESSAGE and UPDATE functions are parameterized,
MPNNSs are bounded in their expressive power.

= There exist non-isomorphic graphs that cannot be distinguished by MPNNs

—
~_
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Colour refinement & Weisfeiler-Leman

The expressive power of MPNNSs is bounded by the Weisfeiler-Leman (WL)
heuristic’ (aka color refinement).

Cy HASH(C% {{C’w}}wEN(v))

‘\QSL\(.‘ Z.,.S) k“""( ;Z 5 S)
hash (e, (0,0,05) hash(®, {0,0,05)

SHRSH <2~
A A Ay /j}q

"[Xu et al., 2019, Morris et al., 2019]
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Colour refinement & Weisfeiler-Leman

The WL test has higher-order counterparts forming a hierarchy.
(k+1)-WL

k-WL: G« HASH (G ({5 15 e N} |iclk) )

with N;(3) = {(’il,---,ij—l,i’,ijJrl, conyig)

i [n]}
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The importance of “expressivity”

Due to the expressivity bound, MPNNSs:

e (Cannot distinguish some molecular graphs

0 D<

decalin bicyclopentil

e Might not be able to extract important features
e.g. counts of cycles, rings...
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Expressive Graph Neural Networks so far

e k-WL inspired architectures (k-GNNs)’
o non-local
o computationally intractable for k = 3

e Random node features / identifiers?
o no permutation equivariance
o difficulties in generalisation

e Substructure-aware message passing®
o some form of domain-knowledge is required

Goal: expressive, tractable, equivariant and domain agnostic

"[Morris et al., 2019, Maron et al., 2019] ?[Abboud et al., 2020, Sato et al., 2021] 3[Bouritsas et al., 2022, Bodnar et al., 2021]
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Subgraphs?

Intuition: WL-equivalent graphs may contain WL-distinguishable subgraphs.

[ [ Doe<F
[, <

= Graph as a bag of subgraphs to gain expressive power!
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Bags of subgraphs for disambiguation

disambiguation I>O_Q<I
3 r 3
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encoder

HE -
B

subgraph selection “bag
policy | subgraphs
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Subgraph selection policies

A subgraph selection policy maps a graph into a bag of subgraphs
m:G— {G ... ,G™}

Policies: ED
1. Edge deletion (ED) = O
2. Node deletion (ND)
)
ND
PBege o

3. Ego-networks (EGO
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Equivariant Subgraph Aggregation Networks (ESANSs)

Idea:
e Map a graph into a bag of subgraphs via a selection policy

e Process the bag with a neural network (NN) respecting the symmetries
of the bag

bo PoLbY B

>
equivariant

J
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Symmetries of bags of subgraphs

Graph symmetries
input graph OA]

multiset of subgraphs Tensor representation

Set symmetries
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Symmetries of bags of subgraphs

input graph

multiset of subgraphs Tensor representation

We want equivariance to ., X >, .

T € ., permutes subgraphs in the bag.
o € 2., permutes nodes in the subgraph.

Main idea: nodes are aligned across subgraphs
O € 2., same across all subgraphs!
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Detour: “Deep Sets for Symmetric Elements” (DSS)’

DSS layer

Input: set { X1,..., X4, ..., Xm}

" —

each X, with symmetry H (e g

TOF S
e

Xo =
Symmetry group: G = Y, X H .

" A
nwe

muid

Maximally expressive equivariant linear layers:  x
Input
L(X); = LI(X;) + L ( > Xj) image
j?é’l, set

2
= in our case the inner symmetry H is a permutation over R™ (graphs).

"[Maron et al., 2020]
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Our equivariant layer(s)

DSS-GNN

siamese
network

Y Y
j J

s ol i

information
sharing

LE(A, X); = ENCy (4;, X; ) + ENCQ(i Aj, zm:

=1 j=1

Equivariantto G = X, X X,

X;

)

DS-GNN

H siamese

A, X, network

. [

LF(A,X), = ENC, (Al-, Xz-)

Equivariantto F' = >, 1 X,
= Does not respect node-alignment (!)
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Expressive power — DS(S)-WL

A new WL variant
DSS-WL updates node colours in each subgraph by:

¢d «<HASH(c, N5, C,, M)

N7 ={cs Ywensw) < adjacent colors on S
Cy = {cF Y reg 4 needle-color
M, = {Cu }wenw) < adjacent needle-colors on G

while representing each subgraph with a colour:
Cs < HASH({Cf}Ues)

Finally, represent the input graph as the multiset of subgraph colours {cs }S
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The expressivity of ESANs

[Theorem] There exists policies s.t. DS(S)-WL L WL (strictly more powerful)

[Theorem] DS(S)-GNN can implement DS(S)-WL

= [Corollary] There exists policies s.t. DS(S)-GNN C MPNN

Base encoder matters
[Proposition] There exist policies s.t. DS-GNN(3-WL) L DS-GNN(1-WL)

Policy matters
[Proposition] On the family of Strongly Regular graphs:

Edge Deletion L Node Deletion = Ego-nets(n) = 3-WL
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Experimental results (ZINC)

Best performing model amongst all provably expressive, domain agnostic GNNs
Competitive with (provably powerful) GNNs employing domain specific
structural information, often outperforming them.

Method | ZINC (MAE )
PNA (Corso et al., 2020) 0.188+0.004
DGN (Beaini et al., 2021) 0.168--0.003
SMP (Vignac et al., 2020) 0.138+7?
GIN (Xu et al., 2019) 0.25240.017
“HIMP (Fey et al., 2020) 0.151+0.006
GSN (Bouritsas et al., 2022) 0.108-0.018
CIN-SMALL (Bodnar et al., 2021a) | 0.094--0.004
DS-GNN (GIN) (ED) 0.172£0.008
DS-GNN (GIN) (ND) 0.1712£0.010
DS-GNN (GIN) (EGO) 0.126--0.006
DS-GNN (GIN) (EGO+) 0.116-£0.009
DSS-GNN (GIN) (ED) 0.1724-0.005
DSS-GNN (GIN) (ND) 0.166=-0.004
DSS-GNN (GIN) (EGO) 0.10724-0.005
DSS-GNN (GIN) (EGO+) 0.102£0.003
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The “Subgraph GNN wave”

A surge of recent Subgraph GNNs in top ML conferences:

e DS(S)-GNN

e DropGNN'
P e Reconstruction-GNN?

e Nested GNN3 e GNN-AK®

e ID-GNN*

= a zoo of aggregation/sharing rules between subgraphs!

How can we compare/understand them?

"[Papp et al., 2021] ?[Cotta et al., 2021] 3[Zhang and Li, 2021] *[You et al, 2021] °[Zhao et al., 2022]
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Node-based selection policies

Focus on node-based policies:
- each subgraph is tied to a specific node - the “root” node
- e.g., the “first” node generates the “first” subgraph

Depth-1 EGO

- In this family: @ root node
- node-deletion (ND)
- node-marking (NM)
- ego-nets (any depth) (EGO)

- marked ego-nets (EGO+) w
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Symmetries of node-based bags of subgraphs

Goal: study Subgraph GNNs with node-based policies
= find a common characterisation via symmetries & equivariance

Symmetry of node-based bags?
- subgraphs can be ordered according to nodes, and permute with them
- symmetries are described by one single permutation group

3
Symmetry group: 2., over R™

= equivariant layers?

Q
M
N/
3

A~ A

subgraphs
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Detour: “Invariant Graph Networks” (k-IGNs)'

k

k-IGNs: Models for (hyper-)graphs, invariant to >, over R™
- stacks of equivariant, maximally expressive linear layers
- as expressive as k-WL'"?

Observation: 3-IGNs equivariant to 2,, over R"
= the same symmetry group of node-based bags of subgraphs.

A i . . 0 :
AN II . AN II SN I

. " a8 ARN NN

Illl .Hﬁill 'ﬁiil .HHEI

equwarlant invariant fully conn.

' [Maron et al., 2019], 2[Geerts 2020, Azizian and Lelarge 2020]
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Node-based Subgraph GNNs as 3-IGNs

Cubed tensor ]R”3 as a bag of subgraphs:
= orbits induced by .., have meaningful semantics!

. node-node
connections

connections
toroou;\\\\\

connections
from roots

3
AN

o
G
0

L S
AT

sy & ///
V / / [/
A \ \ N\ \
A\ O\ A\

9

o

o
®

2

Intuition: 3-/IGNs can simulate Subgraph GNNs (with its equivariant ops)
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The expressivity of Subgraph GNNs

[Lemma] 3-IGNs can implement node-based policies.

e node-deletion: set ." to zero (0)
e node-marking: concatenate mark (1) to ﬁ
e ego-networks: in the paper :)

[Lemma] 3-IGNs can implement Subgraph GNN layers.

msg aggregation
& update

msg broadcastin msg sparsification
g g
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The expressivity of Subgraph GNNs

[Theorem] Subgraph GNNs are upper-bounded by 3-IGNs.

= [Corollary] ... they are upper-bounded by 3-WL.

I I I |
>
I I I I
GCN WL node-based 3-WL
Subgraph i
GIN GNNs 3-IGNs
2-IGNs ~ o v

o e node-tuple based policies
e base encoders > WL
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A design space by rethinking 2-IGNs

Q: Build upon 3-IGNs to design new Subgraph GNNs?

3-IGN layers:

e cubic memory complexity

e linear combination of 203 pooling-broadcast operations
= exploration of this design space is not practical!

Same symmetry as iQ 2-1GNs:

>, over R™

= borrow design space from 2-IGNs
... just, we want sparse pooling ops
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Rethought 2-IGNs: RelGN(2)

l— distinct set of parameters pooling ops
nodes — nodes —
: k,(t4+1)_ i,(t) h,(t) k() .i,(t) J,(t)
off-diagonal X, = j ,hgk Ly T HT; 7|ijj )
off-diagonal
on-diagonal xz’(t+1)=

‘ local pooling
(according to subgraph connectivity)

on-diagonal

2-IGN RelGN(2)
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Unifying previous Subgraph GNNs

[Theorem] The RelGN(2) “subspace” captures node-based Subgraph GNNs.

(n—1)-Reconstr.GNN /

DSS-GNN NGNN ID-GNN GNN-AK-ctx

off-diagonal
updates

T

(2]

, <

on-diagonal S

(root) updates E,

3

nodes —

A local msg passing within subgraph M msg from root node RelGN(2)

[ global aggregation over subgraphs [} node representation where it’s root
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A novel approach: Subgraph Union Network (SUN)

We design Subgraph Union Network (SUN), a computationally tractable

architecture subsuming known node-based Subgraph GNNs.

(n—1)-Reconstr.GNN /
DSS-GNN NGNN ID-GNN GNN-AK-ctx

nodes —

subgraphs —

—— SUN ——

RelGN(2)
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A novel approach: Subgraph Union Network (SUN)

In SUN, representations of root and non-root nodes are evolved differently, with a
distinct set of parameters.

— distinct set of parameters
—— SUN —— P

1 4
21 of

G DT P (R0

I~k

DI DL D BEAY)

j h j~i R

PRIt =0’("U9 (x’:’(t) Zx;’(t) Zx;’(t) Zx}-b’(t) Zth’(t)))
{ 1 7 ) ) ) 7 ) j

jrvii j h ji~i h
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Experimental results: molecular modelling

SUN either outperforms or approaches HIMP, GSN and CIN, which explicitly

model rings.

OGBG-MOLHIV
Method ROC-AUC (%)
GCN [Kipf and Welling, 2017] 76.061+0.97
GIN [Xu et al., 2019 75.5841.40
PNA [Corso et al., 2020] 79.05+1.32
DGN [Beaini et al., 2021] 79.70+0.97
HIMP [Fey et al., 2020] 78.8040.82
GSN [Bouritsas et al., 2022] 80.39+0.90
CIN [Bodnar et al., 2021a] 80.94+0.57
RECONSTR.GNN [Cotta et al., 2021] 76.32+1.40
DS-GNN (EGO+) [Bevilacqua et al., 2022] 77.40+2.19
DSS-GNN (EGO+) [Bevilacqua et al., 2022] 76.78+1.66
GNN-AK+ [Zhao et al., 2022] 79.61+1.19
SUN (EGO+) 80.0340.55
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Generalisation from limited data

SUN layers are less constrained in their weight sharing scheme
e nonetheless, we observed this improves generalisation

4-Cycles (EGO)

—— GNN —— DSS —— GNN-AK-ctx
—— NGNN —— GNN-AK —— SUN
—— DS
0.35 1
0.30 A
0.25 1 R .
W expressivity gap:
< 020 | MPNNSs vs. Subgraph
B 0151 v GNNs
[
0.10 ..
fexpressmty gap amongst
0.05 Subgraph GNNs
0.00

0 200 400 600 800 1000 1200 1400
# training examples
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Conclusions

e GNN expressivity is an interesting and important research direction.

e Subgraph GNNs seem to strike a good balance between expressive
power, generalization and computational complexity.

e Symmetry analysis is an elegant and effective way to design neural
architectures according to the data they process.
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What’s next?

e What is the lower bound for the expressive power of Subgraph GNNs?
e Can we say more on generalisation?

e Are Subgraph GNNs the only direction for efficient expressive GNNs?

Gap?
- o
I I I
>
I I I
WL node-based 3-WL
Subgraph i
GIN GNNs 3-IGNs

2-IGNs
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Thank you!
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