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GPT-3: Language Models are Few-shot learners

outer loop

Learning via SGD during unsupervised pre-training
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In-context learning by induction heads

“The first attention head copies information from
the previous token into each token.

This makes it possible for the second attention
head (which we call the "induction head") to attend
to tokens based on what happened before them,
rather than their own content.

That is, the two heads working together and cause
the sequence ...[A][B]...[A] to be more likely to be
completed with [B].”

Repeat of Random Tokens

Category 40 ids struction

Random Tokens

Category 40 ids node Struction'

prefix of attended-to-token Attended-to-token is copied. The corresponding
= current token 16Gifl is increased for the next token

In-context Learning and Induction Heads, 2022
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In-context learning by induction heads

“The first attention head copies information from

the previous token into each token. Vi
This makes it possible for the second attention f
head (which we call the "induction head") to attend _ —
to tokens based on what happened before them, [ Copying by two layers of self-attention |
rather than their own content. ? ? ? f ? f f
That is, the two heads working together and cause . T U ;

the sequence ...[A][B]...[A] to be more likely to be
completed with [B].”

In-context Learning and Induction Heads, 2022
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In-context learning by induction heads

Yi
f Summary:
[ 2. copy by SA-layer
? ? ? ? ’ Step 1: First attention layer copies y; to x; token
M\
cen Ty Ti41 .. xT;
[ Y Yit1 ] [ ] Step 2: Second attention layer x; query attends to
? ? ? ? ? ? ? itself by similarity and copies over y; .

1. copy by SA-layer

Olsson et. al identify induction heads as being
‘ important for in-context learning for all model sizes.

In-context Learning and Induction Heads, 2022
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This work: In-context learning by gradient descent
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Summary:

Step 1: First attention layer copy ¥: to Z; token

Step 2: Second attention layer learns linear model
on training data {(«:,¥:)}~.; and predict on
test (or training) data.

We are not copying but can generalise to unseen data.

Lowering expectations: We will in the following only look at toy datasets and restrict ourselves

(mostly) to self-attention only architectures but try to understand them thoroughly.



Take home message

1) A single layer of self-attention can implement a single step of gradient
descent. We provide a simple weight construction that implements it.

2) Trained Transformers match our construction or models generated are
remarkably similar to models obtained by GD.

We hypothesize that:

When training Transformers on auto-regressive tasks, in-context learning in
the Transformer forward pass is implemented by gradient-based optimization.



Self-attention recap
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This already looks quite similar to gradient descent, no?
Image Source
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Recap: Gradient descent on linear regression

Assume: W;,;; = 0 and therefore the initial prediction ¢t = 0

For n training steps do:

1. Compute regression loss: 1. Compute regression loss:
1 1

LW, {(zi,9:) }iLs) = N > Wz —yy)? LW, {(zi, ys) }ita) = oN > Wz —yi)?

2. Gradient descent: = 2. Gradient descent: =
AW = —nVw L(W, {(-’Bz',yi)}?,:l) AW = —nVyw L(W, {(s, y:) iv=1)

3. Update weights: 3. Update targets:
W« W+AW L(W + AW, {(zi,y:)}1') = LW, {(zs, y: — AW z;)}))

and predictions with the same rule:
Make predictions: Grest < § — AW Trest
gtest — Wﬁnalmtest = Z AI/thest gtest A gtest =-1- Z —AtheSt

Equivalent gradient descent formulation that transforms the data instead of the model! B



A specific token construction
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Specific token construction \ Classic token construction

We will use this construction for now



A single LSA-layer can implement a step of GD

Proposition 1: Given a 1-head linear attention layer and the tokens|e; = (a:j,yj),] one can construct key,
query and value matrices Wy, Wq, Wy as well as the projection matriz P _such that a Transformer step on
every token e; is identical to the gradient-induced dynamicsle; < (z;,v;)+(0, —AWz;) = (z;,y;)+ P VK7q,
such that e; = (x;,9;). For the test data token (xn41,yn+1) the dynamics are tdentical.

We provide the weight matrices in block form: Wy = Wg = ( g 0) with I, and I, the identity matrices of

I, O
0 0

w =l
of the linear model we wish to train and P = I with identity matrix of size N, + N,. With this simple

size N, and N, respectively. Furthermore, we set Wy = ( ) with the weight matrix W € R¥Nv*N=

construction we obtain the following dynamics

B ) I ) E)(C DENE DE)
) s )e () ) -G (o) o

A single self-attention can implement a single gradient descent step on linear regression loss!

o o xx
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Visualization of Proposition 1

A single linear self attention layer can compute in
its forward pass: :gtest = I/Vini'cmtest + Avvmtest:

e xI; e Ttest
/ . Yi — AWQ:z e —Winit Ttest — AWCUtest \
transformation of predicting on test data
the training data. 2) Correct prediction after
T = multiplying with -1
e Y —Winit Trest

A single linear self-attention layer can compute the gradient descent update on training
as well as update the model prediction simultaneously.
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Training a single linear self-attention layer

0.40 - !
== GD Training setup:
=== Trained TF
= e 1 step of gradient descent
0 e 10 datapoints with input dimension 10
15 '0:301) e Each datapoint is sampled from x ~ U[-1, 1]
e Teacheris sampled from W ~ N(O,I)
0.25 1 e Train and test distributions are the same.
e Gradient descent learning rate is tuned on
0.20L2 . : 10000 tasks
0 2000 4000

Training steps

LSA-layer and GD reach the exact same loss.

But are 1) the models and/or 2) the learning algorithms the same?
15



Models generated by TFs vs GD
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e Cosine similarities of models: cos(



Trained Transformer vs GD
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Models are remarkably similar!
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Interpolating between trained TFs and our construction / GD

Linear self-attention update: o
ej(—ej—l—PVKTQj=6j+PWVZCi®eiWI7;Wer 0.8 A
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We can interpolate between our construction and the weights found!

What happens if we test the model on data it was not trained on?

18



Trained Transformer vs GD

Transformer was trained on one step - what if we roll it out for longer?

DampeningA=1 Dampening A =0.875 Dampening A =0.75
s GD s GD e GD
@ 0:2 4+ Trained TF o 029 B 4 Trained TF - 0.2 4+ Trained TF
3 3 3
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0.0 — T T T T T 0.0 — T T T T T 0.0 — T T
0 10 20 30 40 50 0 10 20 30 40 50 0 20 40
GD Steps / Transformer Layers GD Steps / Transformer Layers GD Steps / Transformer Layers

Dampening: gD 9D + MW Ziest or  I1F < I1F + MAPV KT W Ttest

Transformer and GD show remarkable similarity on this out-of-training setup!
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Trained Transformer vs GD

LSA-layer was trained on specific data distribution.
What if we change that during evaluation?

Loss

Transformer and GD behave remarkably similar when tested on different data distributions!

100-

10—1-

Test on larger inputs

' GD "
® Interpolated '

== Trained TF +

0.5 1.0 1.5 2.0
a wherex ~ U(-a, )

20



Recap

1) We can construct simple self-attention weights to mimic a single step of gradient
descent on a linear regression loss

2) Optimizing a single self-attention layer to solve linear regression problems finds
Transformer weights that match our construction and therefore implements GD.

21



Two layer LSA recurrent Transformer

0.407 y GD vs trained TF
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Transformer surpasses GD at which point our alignment metrics start decreasing.
But what is GD++7?



How can we improve upon plain gradient descent?

[ ..... z; Az - ... ] [ Trest PA Thost | ]

oo Y — AWz, . — AW Ziext
EEEE f
[ single linear self-attention layer ]

EEEENIEE

Can we find input transformations to improve upon plain gradient descent?
z;  z; +Az; = (I + PV(X)K(X)"W,)z; = H(X)z;

We found that the following transformation is enough to match and realign
the to Transformer. We call this variant GD++: H(X) = (I —yXX7T)

\ Crude approx of

loss curvature inverse



Two layer recurrent LSA-Transformer
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Five layer non-recurrent LSA Transformer
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Non-recurrent Transformer and GD++ realign in all metrics, no interpolation (yet)!
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Recap

1)

2)

We can construct simple self-attention weights to mimic a single step of gradient
descent on a linear regression loss

Optimizing a single self-attention layer to solve linear regression problems finds
Transformer weights that match our construction and therefore implements GD.

Optimizing multiple layers of self-attention to solve a linear regression problem
finds Transformer weights that behave remarkable similar to GD++, an accelerated
GD version.

26



Do Transformers build datasets to do GD?
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Do Transformers learn to create the specific token construction necessary for Proposition 1?
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Specific tokens construction
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Do Transformers build datasets to do GD?

Proposition 2: Given a I-head linear or softmaz attention layer and the token construction ez; =
(x5),e2j+1 = (0,y;) with a zero vector 0 of dim N, — N, and concatenated positional encodings, one can

construct key, query and value matriz Wi, Wq, Wy as well as the projection matrix P such that all tokens
ej are transformed into tokens equivalent to the ones required in Proposition 1.

... one self-attention layer can copy over data and construct the token construction required
for Proposition 1.

28



Do early self-attention layers build regression tasks?
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We compute the sensitivity of the output token

wrt. the input tokens of the first layer.
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The first attention layer copies token data to build linear regression loss and solves it. 29



Do early self-attention layers build regression tasks?

AW Tyest
f
[ GD by linear SA-layer ]
f f f f f f f What I find fascinating: The Transformer creates
e Xy Tigl .- Ttost its own dataset and solves it!
[ Yi Yi+1 ] [ 0 ]
Does this also happen in larger language models?e
bbbt

[ Copy by softmax SA-layer ]

o Yi-1 LTy Yy L4l -




Recap

1)

2)

3)

We can construct simple self-attention weights to mimic a single step of gradient
descent on a linear regression loss

Optimizing multiple layers of self-attention to solve a linear regression problem
finds Transformer weights that behave remarkable similar to GD++, an accelerated
GD version.

As already shown in related work, in-context learning is linked to self-attention
layers copying “in - and output data” into one token. This enables a second
attention layer to predict by transformations induced by GD.
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Thank you!



What about non-linear regression tasks?
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We are neglecting potentially useful transformations to the target.

Image Source
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What about non-linear regression tasks?
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The sine wave regression task
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MLPs in the Transformer architecture enable

1)
2)

learning linear models on data representations and therefore

learning non-linear regression tasks.
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What about softmax?

Comparing 1 step of gradient descent with a trained softmax single head self-attention layer.
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Comparing 1 step of gradient descent with a trained softmax two head self-attention layer.
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Softmax self-attention layer underperform on gradient descent but! are needed for copying.
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What about LayerNorm?

Comparing 1 step of gradient descent with a single layer LSA Transformer with LayerNorm.

0.40 3.5 g Test on larger inputs Test on larger targets
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Comparing 2 steps of gradient descent with a two layer LSA Transformer with LayerNorm.
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Self-attention + LayerNorm layer underperform on gradient descent but stabilize training.



